We study the effect of nonuniformities in the magnetic field on the thermal entanglement of a two spin system. We show that in the ferromagnetic case a very small nonuniformity is capable to produce large values of thermal entanglement. In the antiferromagnetic case, nonuniformity only slightly raises the threshold temperature, but lowers the value of entanglement. 
Introduction
The problem of entanglement in the ground and thermal state of Heisenberg chain has recently attracted a lot of attention [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . This problem is of interest partly due to its role in shedding light on the nature of quantum phase transitions [11, 6, 7] and partly due to importance of characterization and manipulation of entanglement in arrays of spin chains, which may be suitable candidates for future quantum computer registers [12, 13, 14] . The necessity of the latter stems from the role that entanglement plays in almost all efficient protocols of quantum computation and quantum information processing [12, 15] . A spin system with Hamiltonian H kept at temperature T is characterized by a density matrix ρ := 1 Z e −βH , where β = 1 kT , k is the Boltzman constant and Z := tre −βH is the partition function. The entanglement of this density matrix, called the thermal entanglement of the spin system can be calculated exactly with the help of Wootters formula [16] . Explicitly it is given by the following formula
where
and λ's are the positive square roots of the eigenvalues of the matrix ρρ in decreasing order. The matrixρ is defined as
where * denotes complex conjugation in the computational basis. In case that the state is pure ρ = |ψ ψ|, with
the above formula for the concurrence is simplified to
Since E is an increasing function of C, it is usual to take C itself as a measure of entanglement whose value ranges from 0 for a disentangled state to 1 for a maximally entangled state.
The simplest spin system consists of two spins interacting with each other and with an external magnetic field. The Hamiltonian is :
The problem of thermal entanglement of this system has been first studied by Nielson [1] . This study has been extended in many directions. For example it has been shown that two spins interacting by the Ising interaction in the z direction, when placed in a magnetic of arbitrary direction, acquire maximum entanglement when the magnetic field is perpendicular to the z direction [4] . The effect of anisotropy (in the spin couplings in the x, y and z directions) has also been studied in a two qubit Heisenberg anti-ferromagnet without magnetic field [10, 17] , where it has been shown that anisotropy can raise the threshold temperature above which thermal entanglement vanishes. However the change that such an anisotropy produces in the ground state and the thermal state of the spin system is a smooth one, that is, infinitesimal changes in the parameters can not change the behavior of the system abruptly.
It has also been shown that for any number of spins, the isotropic Heisenberg ferromagnet (J < 0) has no thermal entanglement. This result has been obtained by exact and numerical solutions for low number of spins [3] and exact symmetry arguments for any number of spins when there is no magnetic field [5] .
In this paper we want to study an isotropic two qubit system in a nonuniform magnetic field, that is the interaction between the two spins is isotropic but the two spins are in slightly different magnetic fields. We will show that an infinitesimal nonuniformity is sufficient to drastically change the entanglement property of the ground and the thermal state of the ferromagnetic spin system. This is specially interesting since it is known that in uniform magnetic fields a ferromagnetic spin system does not exhibit entanglement at all.
Nonuniformity may well arise in practical implementations of quantum computers, and it is worthwhile to know the entanglement properties of two qubits in this case. In some proposals for the architecture of quantum computer, an individual nuclear spin plays the role of a qubit. In fact in a recent proposal [13] a well localized nuclear spin coupled with an electron of a donor atom in silicon plays the role of a qubit which can be individually initialized, manipulated and read out by extremely sensitive devices. For example by applying a radio frequency magnetic field, resonant with the energy levels of the electron-nucleus system, one can induce transitions between the energy levels of the system and hence the states of the nucleus as the qubit. Near each donor atom a gate can be installed so that application of a suitable voltage across this gate can tune the hyperfine interaction between the nucleus and the surrounding electron. An array of such nuclear spins can form the building block of a quantum computer. Therefore instead of (6) we study the following Hamiltonian
where J is the isotropic coupling between the spins, B ≥ 0, and the magnetic fields on the two spins have been so parameterized that b controls the degree of nonuniformity.
Let us first review the situation for the homogeneous magnetic field.
For the ferromagnetic (J < 0) system, there is no thermal entanglement at any temperature, but for the anti-ferromagnetic (J > 0) case, thermal entanglement develops when the temperature drops below the threshold value kT c := 4J ln 3 . We want to see how the presence of nonuniformity modifies this situation. We will show that nonuniformity has the following effects:
1-In the ferromagnetic system it generally produces entanglement, dependent on the value of the magnetic field and the temperature. There is a threshold temperature above which no entanglement is possible. This temperature has in fact been zero in the uniform case which has been shifted to finite values by the nonuniformity. Specially at temperatures near zero and in zero magnetic field, the effect of nonuniformity is very significant. Under this conditions a very small nonuniformity produces maximal entanglement as shown in figures (3 and 4).
2-In contrast to the ferromagnetic case, the effects in the anti-ferromagnetic system are small. Nonuniformity in this case slightly raises the threshold temperature, and lowers the value of entanglement as shown in figures (5 and 6).
The structure of this paper is as follows: In sections 2 and 3 we study the spectrum of the Hamiltonian and characterize the entanglement of the ground state in various regions of the parameter space. In section 4 we analyze the thermal entanglement of the system. Throughout the paper we normalize the coupling between spins to J = 1 for the anti-ferromagnetic case and to J = −1 for the ferromagnetic case and study the results for the two cases separately.
The Spectrum
When the magnetic field is uniform, i.e. b = 0, the hamiltonian (7) has two symmetries, namely [H, S z ] = [H, S 2 ] = 0, where S z and S 2 are the third component of spin and the total spin respectively. In a nonuniform magnetic field, the symmetry [H, S 2 ] = 0 no longer holds and thus the triplet and the singlet spins are no longer energy eigenstates separately. A straightforward calculation gives the following eigenstates:
with corresponding energies
where ξ := √ 1 + δ 2 and δ = b J . It turns out that ξ is the suitable parameter for expressing the effects of nonuniformity. Thus hereafter we will mostly use ξ rather than the original parameter b, in our analysis. The value ξ = 1 corresponds to a uniform magnetic field and deviations from this value characterize the degree of non-uniformity. In the limiting case ξ −→ 1, the two states |φ 1 and |φ 2 respectively go to the maximally entangled states The ground state depends on the value of the magnetic field B and the nonuniformity parameter ξ. It is readily found that the ground state energy is equal to:
Thus for ξ < B+1, the ground state is the disentangled sate |φ 2 and for ξ > B+1, the ground state is the entangled state |φ 3 . The phase diagram of the ground state is shown in figure (1) . For each value of the magnetic field B, there is a threshold parameter ξ f := B + 1 above which the ground state will become entangled. Conversely for each value of nonuniformity ξ there is a value of magnetic field B f := ξ − 1 above which the ground state will loose its entanglement. In the entangled phase the entanglemenet of the ground state is found from (5) and (8) to be
which is solely determined by nonuniformity. A very interesting point is that when B = 0, with an infinitesimal value of b ≈ 0 (ξ ≈ 1) the system enters the maximally entangled phase |φ 3 with etanglment C = 1 ξ ≈ 1. This remarkable feature means that the absence of entanglement in ferromagnetic Heisenberg chain is completely unstable against very small inhomogeneities. It is also reminiscent of quantum phase transitions where a slight change in one of the parameters of the system, changes the behavior of the system dramatically. Increasing further the nonuniformity will move the ground state further into the entangled phase but reduces its entanglement due to (11) . 
The anti-ferromagnetic case, J = 1
In this case we find that the ground state energy is equal to
Thus for ξ < B−1, the ground state is the disentangled state |φ 2 and for ξ > B−1, the ground state is the entangled state |φ 4 . The phase diagram of the ground state is shown in figure (2) .
Again in the entangled phase the entanglement of the ground state is found from (5) and (8) to be
which is independent of B. Increasing nonuniformity again decreases the concurrence and hence the entanglement. 
Thermal entanglement
where C is found from (2 and 3) to be given [2] by
The exact values of the elements of ρ is obtained by knowing the spectrum of H. After a simple calculation from
we obtain
and
where Z is the partition function given by
Thus from (15) we find that
We consider the ferromagnetic (J = −1) and the anti-ferromagnetic (J = 1) cases separately. 
The threshold temperature is obtained from the equation
In the uniform case (ξ = 1), this equation turns into e 4β = −1 which has no solution. Thus in this limit there is no thermal entanglement in the spin system in accordance with previous results ( [1, 3, 5] ). However in the nonuniform case (ξ = 1) this equation has nontrivial solutions. Figure  (7) shows the variation of threshold temperature with ξ. Figure ( 3) shows the entanglement as measured by the concurrence for a fixed value of nonuniformity ξ = 1.1 in terms of the temperature and magnetic field. Below the threshold temperature (about 0.25 for this value of ξ), thermal entanglement develops and is maximized for zero magnetic field B. The value of this maximum entanglement Figure (4) shows the value of entanglement in terms of the temperature and the nonuniformity for zero magnetic field. It is seen that at any temperature there is a parameter ξ 0 above which thermal entanglement will develop in the system. The value of ξ 0 is obtained from (7) and increases with increasing the temperature. At very low temperatures ξ 0 is very close to 1 which shows that a small degree of nonuniformity will develop maximal entanglement in the system.
Anti-Ferromagnetic case
Setting J = 1 in (20) we obtain C = Max 0, e β sinh 2βξ − ξe −β ξ(e −β cosh 2βB + e β cosh 2βξ)
The threshold temperature is obtained from the equation In the uniform case (ξ = 1), this equation turns into e 4β = 3 which gives the threshold temperature kT c = 4 ln 3 . In the nonuniform case (ξ ≥ 1) this equation can be solved numerically, the results is shown in figure (7) . It is seen that nonuniformity only slightly increases the threshold temperature in contrast to the ferromagnetic case where it had appreciable effect. Figure (5) shows the entanglement as measured by the concurrence for a fixed value of nonuniformity ξ = 1.1 in terms of the temperature and the magnetic field and figure (6) shows the value of entanglement in terms of the temperature and the nonuniformity for zero magnetic field. Comparing these figures with figure (3) and with the corresponding figure of ( [3] ) we see that in the anti-ferromagnetic case, nonuniformity has a small effect on the threshold temperature and magnetic field and only decreases the value of entanglement once it is developed. Its value is weakened by raising the temperature and near the threshold temperature it has a vanishingly small effect. It is seen that for any fixed temperature nonuniformity always decreases entanglement, in contrast to the ferromagnetic case. 
Discussion
We have studied the effect of a nonuniform magnetic field on the ground state entanglement and thermal entanglement of a two spin system. We have shown that the effect of nonuniformity is most pronounced on ferromagnetic spins, i.e. spins coupled by ferromagnetic interactions. At zero temperature an infinitesimal magnetic field applied to the two spins in opposite directions maximally entangles the two spins. It is as if we twist the two spins into an entangled state. This effect also exists at higher temperatures but to much less degree. When the coupling of the spins is anti-ferromagnetic nonuniformity can only have a weakening effect on entanglement.
Although we have derived our results by studying a two spin systems, these results may also hold true more or less on spin chains. A parameter like ξ := 1 + b 2 , where b 2 is the average of nonuniformity on all sites, i.e. b 2 := 1 N N i=1 (B i − B ) 2 , may characterize the influence of nonuniformity on the entanglement of a spin chain.
